Abstract. In this paper we employ the Rosenbrock system matrix pencil for the computation of output-nulling subspaces of linear time-invariant systems which appear in the solution of a large number of control and estimation problems. We also consider the problem of finding friends of these output-nulling subspaces, i.e., the feedback matrices that render such subspaces invariant with respect to the closed-loop map and output-nulling with respect to the output map, and which at the same time deliver a robust closed-loop eigenstructure. We show that the methods presented in this paper offer considerably more robust eigenstructure assignment than the other commonly used methods and algorithms.
Introduction.
In the last 40 years, geometric control has played a fundamental role not only in the solution of important control and estimation problemsincluding disturbance decoupling, unknown-input observation, noninteracting and model matching control, fault detection and isolation, and LQ and H 2 -optimal control problems, to name a few-but also in the understanding of several structural properties of both linear and nonlinear systems. At the same time, several polynomial and structural approaches have been introduced, offering a deeper insight and understanding of the properties of dynamical systems. Given the large number of contributions in this area, it would be impossible to quote even a fraction of the relevant references, and we consequently direct the interested reader to the comprehensive monographs [27] , [4] , [25] , [7] , which provide surveys of the extensive literature in this area.
The main subspaces that underpin the classic geometric theory of linear timeinvariant (LTI) systems are the so-called controlled and conditioned invariant subspaces. The most important types of controlled invariant subspaces are usually referred to as output-nulling subspaces. These are subspaces of initial states of an LTI system for which a control function exists that maintains the entire state trajectory on that subspace and at the same time maintains the output at zero. For finite-dimensional systems over a field, such control laws can always be expressed as a static state feedback u = F x, where F is called a friend of the output-nulling subspace. In the control and estimation problems noted above, the solution requires the computation of a decoupling filter (which may be a controller or an observer, depending on the problem under consideration), which in turn typically requires the computation of a friend of the appropriate output-nulling (or its dual) subspace.
A related family of subspaces that also plays a pivotal role in control and estimation problems are the so-called reachability subspaces (often referred to as controllability subspaces). Moreover, the so-called stabilizability output-nulling subspaces are crucial in the solution of these problems with stability requirements. This paper investigates several aspects related to the computation of basis matrices for these subspaces and the computation of their corresponding friends. Except for stabilizability and detectability subspaces, which require eigenspace computations, the traditional algorithms employed to compute the aforementioned subspaces are based on monotonic sequences of subspaces that converge in a finite number of steps (typically not greater than the system order) to the desired subspace. An alternative approach was taken by Moore and Laub in [13] , who proposed an algorithm for the computation of the largest output-nulling reachability subspace that employs the Rosenbrock system matrix pencil. That paper made a number of restrictive assumptions, and perhaps for this reason the methods in [13] have been given only marginal attention. An approach via the special coordinate basis (SCB), which avoided the restrictive assumptions of [13] , was given in [5] , [6] , [7] .
From the perspective of the controller design, the computation of the friends of an output nulling subspace is equally as important as (if not more important than) the computation of a basis matrix for the output-nulling subspace itself, as it is employed in virtually all control and estimation problems for which a geometric solution is available. Indeed, when we consider problems such as disturbance decoupling (with unknown, measurable, and previewed signals) with state and measurable feedback, noninteraction, model matching, fault detection, unknown-input observation, and even H 2 -optimal control and filtering problems (to name just a few examples), the computation of basis matrices for output-nulling and input-containing subspaces is crucial to determine necessary and sufficient solvability conditions. In the case the problem at hand is solvable, the computation of the associated friends provides the actual solution to the problem.
The computation of the friends was considered in [4] and is summarized in Appendix A. In the publicly available MATLAB GA toolbox, 1 the effesta.m routine is used for computing the friends. Similarly, the SCB method of [5] was incorporated into the computation of the friends in the MATLAB Linsyskit toolbox; 2 the atea.m routine is used for computing the friends and is described in [10] . However, it has been acknowledged by many authors [13] , [8] that a major drawback of the applicability of the geometric approach is the lack of algorithms for the computation of friends that deliver a robust closed-loop eigenstructure, in which the closed-loop eigenvalues are rendered insensitive to perturbations in the state matrices. The classical methods for the computation of friends do not attempt to address the robustness aspects of the problem and leave unexploited all the degrees of freedom in the computation of the friend.
In this paper we add to this classical literature on the computation of basis matrices for these subspaces, and we also consider the problem of computing the associated friends in a robust manner. Taking inspiration from the pioneering work of respectively. The Moore-Penrose pseudoinverse of A is denoted by A † . When A is square, we denote by σ(A) the spectrum of A. Given a linear map A : X −→ Y and a subspace S of Y, the symbol A −1 S stands for the inverse image of S with respect to the linear map A, i.e., A −1 S = {x ∈ X | A x ∈ S}. If J ⊆ X, the restriction of the map A to J is denoted by A |J . If X = Y and J is A-invariant, the eigenvalues of A restricted to J are denoted by σ (A |J ). If J 1 and J 2 are A-invariant subspaces and J 1 ⊆ J 2 , the mapping induced by A on the quotient space J 2 /J 1 is denoted by A |J 2 /J 1 , and its spectrum is denoted by σ (A |J 2 /J 1 ). The symbol ⊕ stands for the direct sum of subspaces. The symbol denotes union with any common elements repeated. Given a map A : X −→ X and a subspace B of X , we denote by A, B the smallest A-invariant subspace of X containing B. The symbol i stands for the imaginary unit, i.e., i = √ −1. The symbolᾱ denotes the complex conjugate of α ∈ C. Finally, given a matrix M , we denote by M i its ith row and by M j its jth column, respectively.
Preliminaries.
In what follows, whether the underlying system evolves in continuous or discrete time is irrelevant and, accordingly, the time index set of any signal is denoted by T, on the understanding that this represents either R + in the continuous time or N in the discrete time. The symbol C g denotes either the open left-half complex plane C − in the continuous time or the open unit disc C • in the discrete time. Consider an LTI system Σ governed by
where for all t ∈ T, x(t) ∈ X = R n is the state, u(t) ∈ U = R m is the control input, y(t) ∈ Y = R p is the output, and A, B, C, and D are appropriate dimensional constant real-valued matrices. The operator ρ denotes either the time derivative in the continuous time, i.e., ρx(t) =ẋ(t), or the unit time shift in the discrete time, i.e., ρx(t) = x(t + 1). Let the system Σ described by (2.1) be identified with the quadruple (A, B, C, D). We assume with no loss of generality that all the columns of We define the Rosenbrock system matrix pencil as
see [17] . The invariant zeros of Σ are identified with the values of λ ∈ C for which the rank of P Σ (λ) is strictly smaller than its normal rank. 4 More precisely, the invariant zeros are the roots of the nonzero polynomials on the principal diagonal of the Smith form of P Σ (λ); see [1] . Given an invariant zero λ = z ∈ C, the rank deficiency of P Σ (λ) at the value λ = z is the geometric multiplicity of the invariant zero z and is equal 3 
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has nontrivial kernel, a subspace U 0 of the input space exists that does not influence the local state dynamics. By performing a suitable (orthogonal) change of basis in the input space, we may eliminate U 0 and obtain an equivalent system for which this condition is satisfied. Likewise, if [C D] is not surjective, there are some outputs that result as linear combinations of the remaining ones, and these can be eliminated using a dual argument by performing a change of coordinates in the output space. 4 The normal rank of a rational matrix M (λ) is defined as normrank M (λ) def = max λ∈C rank M (λ). The rank of M (λ) is equal to its normal rank for all but finitely many λ ∈ C. Downloaded 06/24/14 to 134.7.248.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php to the number of elementary divisors (invariant polynomials) of P Σ (λ) associated with the complex frequency λ = z. The degree of the product of the elementary divisors of P Σ (λ) corresponding to the invariant zero z is the algebraic multiplicity of z; see [12] .
Given λ ∈ C, we use the symbol N Σ (λ) to denote a basis matrix for the null-space of P Σ (λ). We denote by d the dimension of the null-space of P Σ (λ)-or, equivalently, the number of columns of N Σ (λ)-when λ is not an invariant zero, and by d z the dimension of the null-space of P Σ (z)-or, equivalently, the number of columns of N Σ (z)-when z is an invariant zero. Thus, if the set of invariant zeros of Σ is not empty, we have in general
For any matrix M with n + m rows, we define the matrices π{M } and π{M } obtained by taking the upper n and lower m rows of M , respectively.
We recall that the reachable subspace from the origin is the smallest A-invariant subspace of X containing the image of B and is denoted by R 0 = A, im B . An output-nulling subspace V of Σ is a subspace of X which satisfies the inclusion
which is equivalent to the existence of a matrix F ∈ R m×n such that
Any real matrix F satisfying (2.4) is referred to as a friend of V. We denote by F(V) the set of friends of V. The set of output-nulling subspaces of Σ is closed under subspace addition. 5 The sum of all the output-nulling subspaces of Σ is the largest output-nulling subspace of Σ and is denoted by V . The subspace V represents the set of all initial states of Σ for which a control input exists such that the corresponding output function is identically zero. Since we are considering finite-dimensional LTI systems over a field, such an input function can always be implemented as a static state feedback of the form u(t) = F x(t), where F ∈ F(V ).
The so-called output-nulling reachability subspace on V , herein denoted R , is the smallest (A+ B F )-invariant subspace of X containing the subspace V ∩B ker D, where F ∈ F(V ), i.e.,
where
Loosely speaking, R represents the subspace of the state-space containing the states that are reachable from the origin with trajectories that correspond to identically zero output [25, Chapter 8] .
Let F ∈ F(V ). The closed-loop spectrum can be partitioned as
is the spectrum of A + B F restricted to V , and its elements are referred to as inner eigenvalues of the closed loop with respect to V . If 
, and L 3 = {3, −1} are respectively 1-, 2-, and 0-conformably ordered.
The following theorem presents a procedure for the computation of a basis matrix for R and, simultaneously, for the parameterization of all the friends of R that place the eigenvalues of the closed loop restricted to R at arbitrary locations. This procedure aims at constructing a basis for R starting from basis matrices N Σ (λ i ) of the null-spaces of the Rosenbrock matrix relative to an s-conformably ordered set L = {λ 1 , . . . , λ r }, where r is the dimension of R . The set L will result as the set of eigenvalues of the closed loop restricted to R . No generality is lost by assuming that for every odd i ∈ {1, . . . , 2 s}, the basis matrix 
. . , 2 s}, and for all odd i ≤ 2 s we havē
and let for all i ∈ {1, . . . , r}
Finally, let
The following statements hold:
• The matrix X K is generically full column-rank with respect to the parameter matrix K = diag{k 1 , . . . , k r }, i.e., rank X K = r for every K except possibly for those lying in a set of Lebesgue measure zero.
• For all K such that rank X K = r, the identity R = im X K holds.
• The set of all friends of R such that σ(A+B F | R ) = L is parameterized as
where K is such that rank X K = r. Proof. First, we show that the set of parameter matrices K such that rank X K < r has Lebesgue measure zero. From [13 
Σ k β h , hence on an (r − 1)-dimensional hyperplane in the r-dimensional parameter space. 7 The set of parameters that can potentially lead to a loss of rank in X K is given by the union of a finite number of hyperplanes of dimension at most r − 1 within the parameter space. This set therefore has empty interior and thus also zero Lebesgue measure.
We now prove the second and third points. Let K be such that rank π {M K } = r,
where for each i ∈ {1, . . . , r}, there
which are real-valued. It follows that the matrices X K and Y K in (3.3)-(3.4) can be written as
Since for this choice of K the rank of X K is also equal to r, (3.5) is a solution of the linear equation
. These two equations can be written together as
This equation says that (i) the columns of X K form a basis for R ; (ii) F K is a friend of R ; and (iii) the eigenvalues of (A + B F K ) restricted to R are the eigenvalues of Λ, i.e., the desired closed-loop eigenvalues L. It remains to be shown that this parameterization is exhaustive, i.e., the set of all friends of R such that the eigenvalues of the closed loop restricted to R are equal to L is parameterized in K as in (3.5) . In other words, given L and a friend Λ. Consider a change of coordinates T that brings Λ into the Jordan real canonical form.
8 Let the blocks be ordered in such a way that the s complex conjugate pairs of eigenvalues are first. We can write
We can denote by v 1 , . . . , v r the r columns of X and by w 1 , . . . , w r the r columns of Y . Thus, there holds
where i ≤ 2 s is odd and
for i ∈ {1, . . . , 2 s} with i odd, while for i ∈ {2 s + 1, . . . , r} we have
Hence, writing (3.10) and (3.11) together yields
which implies that The only invariant zero of this system is z = 0. Using the standard algorithms of the geometric approach, it is easy to verify that R is spanned by the first two canonical basis vectors of R 3 . Hence, r = dim R = 2. Let us choose, for example, Thus, as expected im X K = R , and
is a friend of R that delivers the desired closed-loop eigenstructure. Indeed, it can be immediately verified that (A+B F K ) R ⊆ R ⊆ ker(C +D F K ), and the eigenvalues of (A+B F K ) restricted to R are indeed {−2, −4}.
Example 3.2. Consider the following quadruple:
In this case, using the standard algorithms of the geometric approach, we see that R is spanned by the first, third, and fourth canonical basis vectors of
It is easy to see that with this choice of the closed-loop eigenvalues, (3.1) becomes
Choosing, for example, k 11 = 0, k 12 = i, k 31 = 1, and k 32 = 0, we find
. We now compute
3 .
and Λ 3 = {λ 3 } = {−2}, and with
In Theorem 3.1 we assumed that L = {λ 1 , . . . , λ r } does not contain invariant zeros of the system. This requirement in inherited from [13, Proposition 4] . This fact seems to suggest that the parameterization offered in Theorem 3.1 is less complete than the one which follows from the classic approach, which is given in Appendix A, since the latter is not restricted to only delivering the friends such that Downloaded 06/24/14 to 134.7.248.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php the eigenvalues of the closed loop restricted to R are not coincident with invariant zeros. On the other hand, in the second part of the proof of Theorem 3.1 we showed that the parameterization (3.5) is exhaustive-and to prove that point we did not need to use the assumption on the absence of invariant zeros from within L. Thus, for every invariant zero z i of Σ, in the null-space of P Σ (z i ) there must exist at least a direction which is common to R , or else we would not be able to assign the corresponding zero as eigenvalue of the closed loop restricted to R . Thus, we have the following.
Corollary 3.2. Let the set of invariant zeros of Σ be denoted by
A direct consequence of Corollary 3.2 is that if L contains one or more invariant zeros, for example,
In view of (3.12) there exists a value k i ∈ C dz such that for almost all choices of k j , j ∈ {1, . . . , r}\{i}, the rank of X K is equal to r, im X K = R , and
is partitioned accordingly. Hence, there must
Example 3.3. Consider the system in Example 3.1. As mentioned, this system has an invariant zero at z = 0. We want to find the friend that assigns L = {−2, 0} as the eigenvalues of the closed loop restricted to R . Thus, we compute a basis of the null-space P Σ (0), which is spanned by the basis matrix N Σ (0) = . In (3.1) we need to choose a value of the parameter matrix K that selects precisely this column vector. In the present case, we need
with k 2 = 0. Choosing, for example, k 1 = 1 and k 2 = 2 yields X K = , which lead to
Remark 3.2. The method presented in Theorem 3.1 can also be generalized to a set of closed-loop eigenvalues L with arbitrary multiplicity. The details on the case of repeated closed-loop eigenvalues will not be provided in this paper. However, we can notice that from Theorem 3.1 it follows that d = dim (ker P Σ (λ)) represents the maximum number of Jordan mini-blocks of size 1 that can be obtained for a repeated closed-loop eigenvalue λ. 
where λ 1 has multiplicity equal to d. Notice that it may not be possible to assign a further eigenvalue with the same multiplicity, unless Jordan mini-blocks of order greater than one are allowed to be assigned in the closed-loop map. Indeed, it may very well happen that ker P Σ (λ 1 ) ∩ ker P Σ (λ 2 ) = {0}. If this is the case, the largest multiplicity that we can assign to λ 2 with Jordan mini-blocks of order 1 is equal to dim (ker P Σ (λ 2 )/(ker P Σ (λ 1 ) ∩ ker P Σ (λ 2 ))), and so forth.
3.2.
Algorithm for the computation of a basis matrix for R . The following algorithm provides a method for the computation of a basis of subspace R of the system Σ = (A, B, C, D) and also produces a friend F of R . We assume that r = dim R is not known a priori. For simplicity, assume L = {λ 1 , . . . , λ n } to be any set of n distinct real numbers, all different from the invariant zeros of the system. Algorithm 3.1.
If condition (3.13) fails, then set i max := 1 and go to step 6. 3. While 2 ≤ i ≤ n, successively obtain nonzero coefficient vectors k i ∈ R d such that
and test the condition
If this condition fails, choose a different k i to satisfy (3.15). 3.3. Assignment of the complete eigenstructure of R . In the previous section, we showed how to construct a friend F of the subspace R that arbitrarily assigns all the eigenvalues of the closed loop restricted to R . However, we also know Downloaded 06/24/14 to 134.7.248.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php that the spectrum induced by the map A + B F on the quotient space (R 0 + R )/R (where we recall that R 0 def = A, im B is the classic reachable subspace from the origin) is assignable using a friend F . Since R ⊆ R 0 , these eigenvalues coincide with those induced by the map A + B F on the quotient space R 0 /R ; see, e.g., [22] . The following result shows how Theorem 3.1 can be adapted to this case. 
Test the condition
where S Σ (μ) represents a basis matrix for ker [A − μ I n B ], and let m K,K ,i be defined as
For almost every choice of K and K we have
where K and K are such that rank X K,K = r 0 (and therefore, for such K and K , the matrix X K,K represents a basis for R 0 adapted to R ).
Proof. First, notice that when μ ∈ C is not an uncontrollable eigenvalue, the dimension of the null-space of S Σ (μ) is equal to m (while if μ is uncontrollable, such dimension is strictly greater than m). The argument in the proof of Theorem 3.1 shows that almost every choice of K and K guarantees that the rank of X K,K is r 0 ; see also [2, Lemma 2.4]. Thus, (3.18) is a solution of 
(where the diagonal structure of the matrix in the right-hand side assumes for simplicity that all the λ i and μ i are real). We prove that the parameterization (3.18)-for K and K such that rank
e., such that R is a basis for R . Since R 0 is (A + B F )-invariant, we can write
which always admits a unique solution T 12 since L in and L out are disjoint. It follows that
In view of the special structure of T , the matrix . Thus, choosing for example . Then, with
, we find (A + B F K,K ) R ⊆ R ⊆ ker(C + D F K,K ); moreover, the eigenvalues of (A + B F K,K ) restricted to R are {−2, −4}, while the eigenvalue induced by (A + B F
K,K ) on R 0 /R is −6.
Computation of V and the associated friends.
We now address the problem of the computation of the largest output-nulling subspace V of the system Σ and the computation of the friends that assign any desired eigenstructure. 
and let for all i ∈ {1, . . . , r + t} 
Finally, let
Thus, real-valued vectors v i and w i can be defined in the way indicated in the proof of Theorem 3.1 using U = Λ, which proves the result. In order to prove that the parameterization is exhaustive, consider a basis matrix V of V adapted to R , so that it can be written as V = [R V c ], where R is a basis for R for a certain V c . Thus, the set of friends of V such that
with a certain Λ such that σ(Λ) = L ∪ Z, and we can find an invertible matrix T such that Remark 4.1. All the considerations of this section on the subspace V can be straightforwardly adapted to the case of the largest output-nulling stabilizability subspace V g . The only modification in the statement of Theorem 4.1 is that Z is the set of minimum-phase invariant zeros of the system.
Computation of friends with inner/output spectral assignment.
We now show that it is always possible to parameterize all the friends that assign the inner and outer eigenstructure of V (and therefore also of R ) by means of the formula
, where this time X K is square and invertible (for almost all choices of the parameter matrix K). This step is essential in the robust computation of friends. For simplicity of exposition, we assume that all the inner/outer eigenvalues are assigned and that all the invariant zeros and uncontrollable modes of the pair (A, B) are real and distinct. The complex conjugate case follows straightforwardly by applying the result in Theorem 3.3.
Theorem 5.1 (parameterization of friends of V with complete spectrum assignment). Let r = dim R , ν = dim V , and
MK = NΣ(λ1) . . . NΣ(λr ) NΣ(zr+1) . . . NΣ(zν ) SΣ(μν+1) . . . SΣ(μq) SΣ(ζq+1) . . . SΣ(ζn) K,
, and where d = dim (ker P Σ (λ)) when λ is not an invariant zero;
For almost every choice of K, the matrix X K is invertible, and the set of all friends of
where K is such that X K is invertible. Moreover, for such K the first r columns of X K are a basis for R , the first ν = r + t columns of X K are a basis for V , and the first q are a basis for V + R 0 .
Proof. Let K be defined as above, and let the rank of X K = π{M k } be equal to n, so that X K is invertible. Let us partition M K as 
for i ∈ {1, . . . , r} and j ∈ {r + 1, . . . , ν}, respectively, and
for all i ∈ {ν + 1, . . . , q} and j ∈ {q + 1, . . . , n}, respectively. It follows that if K is such that X K = π{M K } is nonsingular, and we construct
Since F is also a friend of R , and since V + R 0 is (A + B F )-invariant, we can write
Let us now construct the change of coordinate matrix
. This is always possible because we are considering the case of real and distinct eigenvalues and invariant zeros. We then compute T 12 , T 23 , T 13 , T 34 , T 24 , and T 14 by solving in the right order the following Lyapunov equations:
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and L out ∩ G = ∅, all these Lyapunov equations admit a unique solution. The matrix T thus constructed is such that 
As such,
We now show that for almost any choice of K, the matrix X K is invertible.
Observe that rank π{[NΣ(λ1) . . . NΣ(λr)|NΣ(zr+1) . . . NΣ(zν)|SΣ(μν+1) . . . SΣ(μq)|SΣ(ζq+1) . . . SΣ(ζn)]}
is equal to n. Indeed, if such rank was smaller than n, no parameter K would exist for which a feedback matrix F K constructed as in (5.2) delivers the desired closed-loop eigenstructure. On the other hand, we showed that this parameterization is exhaustive, leading to a contradiction. Now, partitioning M K as ΦΣ ΨΣ and by following exactly the same argument of Theorem 3.1, we obtain that the matrix X K is generically of full rank and is therefore generically invertible. Downloaded 06/24/14 to 134.7.248.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 6. The computation of friends for a robust eigenstructure with minimum gain. In this section we consider the problem of obtaining friends of R , V , and V g that also yield a robust closed-loop eigenstructure. For any square matrix M , it was shown in [26] that the sensitivity of the eigenvalue λ i to perturbations in M can be measured by the condition number
where v i and y i are the right and left eigenvectors of λ i , respectively. We use c ∞ def = max i c i to denote the worst-case eigenvalue sensitivity. Furthermore, [11] linked the sensitivity of the eigenvalues to measures of the conditioning of the matrix V whose columns are comprised of the eigenvectors of M , in terms of the Euclidean and Frobenius norms,
fro are the condition numbers of V with respect to the 2-norm and Frobenius norm, respectively.
For pairs (A, B), the problem of finding a gain matrix F that assigns a certain set of desired eigenvalues L to the matrix A + BF and also minimizes these condition numbers is known as the robust pole placement problem and has an extensive literature. Notable contributions include [11] , [6] , [24] , [16] , and the recent paper [21] . An important related problem is the minimum gain pole placement problem, which seeks a gain matrix F that assigns a certain set of desired eigenvalues while also minimizing the norm of the gain matrix F ; notable methods include [9] , [23] , and the recent [3] .
In this paper we extend these classical pole placement problems to quadruples (A, B, C, D) and introduce the robust friend computation problem, which involves obtaining a friend of R , V , and V g that assigns a certain desired set of inner and outer closed-loop eigenvalues and also a robust closed-loop eigenstructure. We also introduce the minimum gain friend computation problem, which seeks a friend of R , V , and V g that assigns a certain desired set of inner and outer closed-loop eigenvalues, while minimizing the matrix gain of the friend. To date there have been no results for either of these problems.
For the robust friend problem, the upper bound on the eigenvalue sensitivity in (6.2) motivates us to consider the problem of minimizing the objective function (6.3) which poses an unconstrained nonconvex optimization problem. Note that it is possible to reduce κ fro (V ) by suitably scaling the lengths of the column vectors of V . However, such scaling does not improve the eigenvalue conditioning in (6.1). Hence, we assume that the column vectors of V have been normalized. As pointed out in [6] , for efficient computation we can study an alternative objective function
where X is a real matrix whose columns are obtained from those of V as follows: for the columns of V corresponding to real eigenvalues in L, the columns of X are the same as those of V ; for the columns of V corresponding to pairs of complex conjugate eigenvalues in L, the corresponding real-valued columns of X are obtained using U = which again presents an unconstrained nonconvex optimization problem. To simultaneously minimize both the eigenvalue conditioning and the matrix gain, we introduce the weighted objective function (6.6) where α is a weighting factor with 0 ≤ α ≤ 1. The parameterization of the friends given in Theorem 5.1 can be employed for the minimization of f 3 . We may express the matrix X and the friend F in terms of a common input parameter matrix K, as in (5.1) and (5.2). Using these in (6.6), for any desired value of α, we may minimize f 3 via a gradient search employing the first and second order derivatives of f 2 (X K ) and g(F K ); expressions for these were given in [18] . The result obtained will be a local minimum and hence contingent upon the initial condition (input parameter matrix K) used.
7. Numerical studies. In this section we examine the performance of the optimal pole placement methods introduced in section 6 and compare them against two alternative methods for the computation of the friends from the linear systems literature.
Example 7.1. Consider the following quadruple: Using the routine effesta.m in the MATLAB toolbox GA [4] , we find that a friend that accomplishes this task is given by In the Linear Systems Toolkit [7] , the routine atea.m directly adopts the place.m pole placement algorithm in MATLAB for the subspace corresponding to R and yields To compare these friends of V , we consider several performance measures. Computing the conditioning measure c ∞ in (6.1) arising from each friend, we observe that c ∞ (F 0 ) = 61.7, c ∞ (F 1 ) = 624, while c ∞ (F 2 ) = 7144, indicating that the method introduced in this paper gives reduced eigenvalue sensitivity by one and two orders of magnitude, respectively.
We also compare the norms of these gain matrices. We observe the values F 0 2 = 6.42, F 1 2 = 5.20, and F 2 2 = 8.18, indicating that the method described in this paper uses a somewhat higher gain than that of effesta.m but less than atea.m for this example. By considering the weighted robustness and gain minimization problem in (6.6) with, for example, α = 0.001, we are able to obtain a matrix . This result indicates that the method introduced in this paper can achieve more accurate pole placement, again by some orders of magnitude.
In order to probe more deeply into the performance delivered by the methods presented here with respect to the other available techniques, we constructed four Monte Carlo-like experiments. In our first two experiments, we generated 10,000 random triples (A, B, C) . In Experiment 1, we chose n = 5 with m = 4 control inputs and p = 3 outputs, and in Experiment 2 we chose n = 8, m = 3, and p = 1. Every entry in each matrix of the triple was generated using the MATLAB command randn.m. In these two experiments, the feedthrough matrix was taken equal to zero. 9 Since generically when D = 0 the dimension of R is equal to n − p, in Experiment 1 we chose {−1, −2} to be the two eigenvalues of the closed-loop system restricted to R , and in Experiment 2 we chose {−1, −2, −3, −4, −5, −6, −7}. Moreover, since the system thus generated will be generically reachable, R 0 /R will have dimension 3 in Experiment 1, which implies that we can assign three eigenvalues of σ(A + B F |R 0 /R ); we chose the values {−3, −4, −5}. In Experiment 2, R 0 /R has dimension 1, which implies that we can assign one eigenvalue of σ(A + B F |R 0 /R ); we chose the value {−8}.
We denote the feedback matrix obtained using the methods described in this paper by F 0 , and we use the symbol V 0 to denote the matrix of closed-loop eigenvectors. The gain matrix and eigenvector matrix obtained using effesta.m and atea.m are denoted, respectively, with F 1 , V 1 and F 2 , V 2 . The results of these two experiments are shown in the first two columns of Table 1. A consequence of generating our system matrices with the command randn.m is that, generically, all the entries in the matrices will be nonzero. This means that in such systems, the state, input, and output variables are directly dependent upon one another. This is unlikely to be the case in most real-world systems. Hence, we found it significant to also test our method in the case where the system matrices are sparse. Thus in Experiment 3 we generated 10,000 sample triples (A, B, C) with n = 8, m = 3, and p = 1. The entries of each matrix are integers between −20 and 20, but such that 75% of the entries were set to zero. The eigenvalues of σ(A + B F | R ) and σ(A+ B F |R 0 /R ) were taken to be random values generated with the MATLAB command randn.m. The results of this experiment are shown in the third column of Table 1 .
To consider both the robustness and the norm of the gain matrix, we considered the weighted robustness and gain minimization problem (6.6) using the value α = 0.0001. Our Experiment 4 used the same 10,000 example systems chosen in Experiment 2, and the results are given in Table 2 .
Finally, to gain a measure of the magnitude of the improvement offered by our method over the two alternatives, we introduced Experiments 5 and 6, in which we used the same 10,000 example systems chosen in Experiments 2 and 3, respectively. In this case we computed the percentage of systems in which our method provided better performance with respect to effesta.m and atea.m by at least one order of magnitude. The results are given in Table 3 . Table 2 Experiment 4 In all the six experiments, our method was able to offer, in the vast majority of cases, superior robust conditioning with reduced gain and greater accuracy than the other two methods surveyed. This superior performance can be explained as follows. There are many friends F K in (5.2) that deliver eigenvectors lying within the appropriate subspaces. Implementing a gradient search to minimize f 3 in (6.6) with a suitable choice of α yields a friend with desirable robustness qualities, or minimum gain, or any desired combination of these two. By contrast, the methods of [4] and [7] do not attempt to make a robust selection or to minimize the gain of the friend.
Comparison of Experiments 1 and 2 indicates that this improvement was greater for the class of systems with dimensions n = 8, m = 3, and p = 1, rather than n = 5, m = 4, and p = 1. We note that both effesta.m and atea.m utilize the MATLAB place.m routine, which does attempt a robust choice of eigenvectors, using the heuristic methods of [11] . However, extensive testing in [21] showed that pole placement methods employing null-space techniques similar in spirit to the one given here can offer substantially improved robust conditioning, relative to the place.m routine and several other methods surveyed. The improvement was greater for systems in which m was small in relation to n, and this difference in the extent of the performance improvement has again been observed here in Experiments 1 and 2.
The results of Experiments 2 and 3 are almost identical, indicating that the use of sparse matrices did not lead to any significant change in the proportion of systems for which our methods were able to provide superior robustness performance. The results of Experiment 4 indicated that the weighted optimization problem of (6.6) with a suitably chosen value of α can simultaneously deliver improvements in robustness and gain over the effesta.m and atea.m methods. Again, this does not come as a surprise since the place.m routine employed by both effesta.m and atea.m has not been designed to minimize the matrix gain.
The results of Experiments 5 and 6 offer two interesting insights. These experiments attempt to gauge the magnitude of the improvement of our method over the alternatives, and we noted that large improvements were more frequently observed in relation to atea.m than effesta.m, suggesting that effesta.m is able to offer superior robustness performance than atea.m. The second notable difference observed was between systems with randomly generated (and hence nonsparse) entries in Experiment 5 and those with sparse entries in Experiment 6. The frequency of large improvements by our method over both effesta.m and atea.m was dramatically more prevalent in the case of systems with sparse matrices.
The improved accuracy of our method observed in all the experiments provides further numerical evidence for the observation noted in [21] that eigenstructure assignment methods employing null-space techniques in general provide superior accuracy in their pole placement than methods employing coordinate transformations or the solutions to Sylvester equations. Interestingly, Experiments 5 and 6 showed Downloaded 06/24/14 to 134.7.248.130. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php that the magnitude of improvement in accuracy was much greater for sparse matrices than for nonsparse, suggesting that the effesta.m and atea.m routines experience computational difficulties with sparse matrices.
Concluding remarks.
In this paper, we introduced a new parameterization of the friend matrices for the fundamental output-nulling subspaces R , V , and V g used in several decoupling, noninteracting, and tracking control problems. We exploited this result to obtain a procedure that delivers friends which robustly assign the free internal and external eigenstructure of the closed loop with respect to such subspaces. All the results presented in this paper can be dualized to input-containing subspaces, unobservability input-containing subspaces, and detectability input-containing subspaces.
We compared the method introduced in this paper against the two publicly available MATLAB toolboxes. In these examples our method for the computation of such subspaces showed dramatic improvement in reducing the eigenvalue sensitivity, while also using less matrix gain and achieving greater accuracy.
An important direction for future research is the application of these results to the design of linear state feedback control laws that yield a monotonic step response for an LTI MIMO system, as studied in [19] and [20] , based on the computation of the Rosenbrock matrix.
Appendix A: Construction of friends.
In this section we analyze how the friends of an output-nulling subspace can be computed so as to assign the free closedloop eigenvalues. We begin by noticing that (2.3) is equivalent to the existence of two matrices Ξ and Ω such that It is easy to see that the set of all friends F of V are the solutions of the linear equation Ω = −F V , where Ω is such that for a certain Ξ, (7.2) holds. Indeed, let (Ξ, Ω) be such that (7.2) holds. Then, by selecting F so that Ω = −F V holds, we get from (7.2) that Ξ, which says that (7.4) holds with Λ = Ξ. Now, consider F and Λ such that (7.4) holds. Then, clearly (7.2) holds with Ξ = Λ and Ω = −F V .
The set of solutions of the linear equation Ω = −F V can be written as 
then L 1 (K 1 , K 2 ) does not depend on K 2 , and L 3 (K 1 , K 2 ) does not depend on K 1 (see also [15, p. 348] ).
